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Abstract Experiments on the dynamics of vibrational
fluctuations in myoglobin revealed an interesting
behavioral cross-over occurring in the range 180-
200 K. In this temperature range the mean square
displacement of atomic positions versus temperature
sharply increases its slope, indicating the dissociation of
CO from the heme group. In this paper we develop a
theoretical model that provides a framework for the
quantitative description of this phenomenon. The basis
of our calculations is an assumption of an effective
potential with multiple local minima. In particular, we
consider a quartic potential in place of the simple
quadratic. We then use non-Gaussian statistics to ob-
tain a relationship between the mean square displace-
ment and model parameters. We compare our model to
published experimental data and show that it can de-
scribe the data set using physically meaningful param-
eters which are fitted to the experimental data. In the
process we verify the Gaussian approximation’s appli-
cability only to the low-temperature régime. In the
high-temperature limit, however, deviations from the
Gaussian approximation are due to the double-well
nature of our effective potential. We find that the
published datasets showing the thermal transition dis-
play the qualitative trends predicted by appropriate
algebraic approximations to our predicted myoglobin
behavior.
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Introduction

Protein structure and function determination is one of
the central problems of modern biophysics and bio-
chemistry (Branden and Tooze 1999). Among the mil-
lion or so proteins identified by cell biologists, a special
place is held by functional proteins such as motor pro-
teins or enzymes (Berg et al. 2002). Despite the many
advances in our understanding of how proteins fold and
function, molecular level insights into these mechanisms
often remain elusive. Proteins exhibit dynamic com-
plexity with different regions, referred to as functional
domains, of the same protein often showing different
types of activity. Of special importance to the biological
functioning of proteins are structure fluctuations that
are induced by binding to ligands or substrates. Such is
the case of myoglobin, where the oxygen ligand has to
diffuse through the protein matrix before it is able to
bind to the iron in the heme group (Frauenfelder et al.
1998).

Owing to a wide range of characteristic time scales,
from picoseconds to tens of seconds, experimental
studies are fraught with difficulties. One of the best
characterized functional proteins is myoglobin, the
dynamics of which have been experimentally studied
using inelastic scattering of synchrotron radiation
(Parak and Achterhold 1999), phonon assisted M®ss-
bauer scattering (Achterhold et al. 2002), time resolved
spectroscopy (Ostermann et al. 2000), and Mdssbauer
absorption spectroscopy (Parak et al. 1982; Neinhaus
et al. 2001; Parak 2001), in addition to standard X-ray
crystallography (Nienhaus et al. 1989). In this paper we
analyze some of the experimental results for myoglobin
using non-Gaussian statistical methods (Tuszynski et al.
1985; Tuszynski and Wierzbicki 1991) applied to the
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temperature dependence of the positional fluctuations.
The objective of the present study is to provide a pow-
erful theoretical tool in the analysis of the conforma-
tional changes that are essential for protein molecules in
order that they may carry out their functions.

Non-Gaussian analysis of conformational dynamics

Myoglobin is a protein (see Fig. 1 for an illustration of
its structure) consisting of 153 amino acids and one
heme group of protoporphyrin IX with an iron atom in
the centre (Parak and Achterhold 1999). The molecular
weight of myoglobin is approximately 17.8 kDa. The
three-dimensional folding of myoglobin produces a
globular structure with a diameter of about 3 nm.
Myoglobin’s function is to store oxygen provided by the
blood until it is released for some form of metabolic
activity. The molecular oxygen binds at the active site of
the protein and one of the six coordinations of the iron
atom. The remaining five are taken up by four nitrogen
atoms and one bond to the protein matrix. The process
of binding and releasing of the ligand is reversible (Parak
and Achterhold 1999; Ostermann et al. 2000).

Recent experiments using Madossbauer absorption
(Achterhold at al. 2002), as well as several other exper-
imental methods (Parak and Achterhold 1999; Oster-
mann et al. 2000), provided insights into the kinetics and
dynamics of myoglobin’s conformational changes. In
particular, flash photolysis was used to obtain an effec-
tive potential in terms of a reaction coordinate (Oster-
mann et al. 2000). It shows a global minimum at a
bound state A and two local minima states at photo-
product states B, and B; whose activation energies have
been estimated as 6.1 kJ/mol between B, and A, 11.1 kJ/
mol between B, and Bs, and 22.4 kJ/mol between B; and
B,. This qualitatively indicates a three-well effective
potential structure that underlies the protein confor-
mational dynamics.

Parak and Achterhold (1999) used inelastic Rayleigh
scattering of Mossbauer radiation to determine the
temperature dependence of the mean square displace-
ment, < x>, in myoglobin. It is interesting to note that
in the low-temperature range from 0 K to approximately

Fig. 1 Three-dimensional structure of myoglobin

180 K the dependence on temperature is linear, and
given by <x?>/T=2.1x10"* onz/K for the average po-
sition of atoms in the g)rotein from linear regression,
while the slope of <x*>/T=0.6x10"* A*/K was ob-
tained for the iron atom in deoxymyoglobin (Mbdeoxy)
crystals. In the high-temperature régime, between 180 K
and 300 K, the slope of these curves increases dramati-
cally, by a factor of more than 10 in one case. The au-
thors attribute the low-temperature behavior to
harmonic motions of the protein, with the high-tem-
perature behavior indicative of diffusive motion limited
by the bonding forces within the protein.

In parallel to the experimental studies, a formidable
computational effort was undertaken to evaluate myo-
globin’s dynamics using molecular dynamics simulations
(Steinbach and Brooks 1993, 1996). Interestingly, a very
similar qualitative picture of the mean square fluctua-
tions as a function of temperature emerged. The effect
depends on the level of hydration, with the extreme of
dry samples (Ferrand et al. 1993), or suitably coated
ones (Cordone et al. 1999), remaining harmonic at or
above room temperature. In the remainder of this paper
we will attempt to present a relatively simple explanation
that is consistent with the model of thermal fluctuations
in a system with multiple potential minima corre-
sponding to the protein’s stable conformations. This is
in agreement with the results of conformational kinetics
obtained by Ostermann et al. (2000). To make a direct
comparison, we will additionally use the experimental
data points for the iron atom’s positional fluctuations
measured by Mdssbauer absorption as well as results for
independent molecular dynamics simulations performed
for myoglobin.

The model and its results

Parak and Achterhold (1999) reported two sets of data
involving the temperature dependence of the mean square
displacement, <x?>,in myoglobin. The first set refers to
the protein as a whole and the second only to theiron atom
in Mbdeoxy crystals. Both plots (see their Figs. 6 and 7)
exhibit a cross-over from a linear <x*>> versus T
dependence at low temperatures to a more rapidly
increasing function at high temperatures. A double-well
potential has been used by Doster et al. (1989) to explain
elastic incoherent neutron scattering data on myoglobin.
It is evident from the fits produced by Parak and Ach-
terhold, on the basis of normal-mode analysis, that this
approach fails to capture the cross-over and deviates in
the high-temperature régime, producing a rapidly
increasing error as the temperature increases. In this paper
we attempt to develop a self-consistent model for both
experiments and both thermal régimes.

In order to provide a simple model of fluctuational
dynamics in the myoglobin matrix, we postulate an
effective potential of the form (see Fig. 2):

V(x) =ax* + bx’ +ex* + 1 (1)
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Fig. 2 An effective potential illustrating Eq. (1)
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Fig. 3 The probability distribution P(x) corresponding to Fig. 2

which accounts for the bistability of the potential under
certain assumptions about the coefficients. We selected
this form using Fig. 4c from Ostermann et al. (2000) as a
guide. We are ignoring the intermediate region at B, due
to the small potential barrier between B, and A and the
fact that if we were to include it, we would be forced to
introduce additional adjustable parameters. The vari-
able x in Eq. (1) is a spatial coordinate that we map to
the reaction coordinate shown in the original figure.
We intend to develop a statistical approach for the
calculation of average fluctuations over the entire range
of temperatures. The conceptual reasoning involved is
the Boltzmann probability distribution P(x) given by:

(2)

where the normalizing factor is the corresponding par-
tition function given by:

P(x)=2"le /'™

o0
Z= / ) gy 3)
This Boltzmann averaging technique leads to:
Py . 4)
fe*/”/(x)d_x

for the positional variance, < x>>, measured about the
origin, where the integrations are over all space.
Unfortunately, our experimentally guided model re-
quires the use of an anharmonic potential, so these
integrals are non-Gaussian and the solutions are not
simple. We note that the experimental data we use are of
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Fig. 4 Temperature dependence of the mean square displacement,
<x?>, over all atoms in myoglobin, measured by inelasic Rayleigh
scattering. Radiation from °’CoCr Mdssbauer source (filled
squares) and sychrotron (open squares). Plotted as (top) log-log
with best-fit by the line log < x*> =1.28 log(T)—4.35 and (bottom)
log-inverse square root with best-fit by the line log(<x?>/v/T) =
—176/+/T + 5.82. Data source: Fig. 6 in Parak and Achterhold
(1999)

fluctuations about a mean position, which is not exactly
the same as our choice of about the potential minimum;
this difference will change <x?> by the square of the
mean position, which is zero for harmonic wells. We
estimate the size of this difference later. Also note that
the constant term, V), in the potential becomes the
multiplicative constant e #% in Eqgs. (2, 3, 4) and there-
fore does not affect the distribution.

It is convenient to introduce parameters which can be
directly linked to the experimental data. The first is the
depths of the potential energy wells, which we denote by
da and dg, where the A and B refer to the deep and
shallow wells, respectively.

A third parameter which controls the width of the
lowest energy well we call w. At low temperatures the
fluctuational motion is limited to within the confines of
the dominant probability peak of P(x) (see Fig. 3).
Above some transition temperature, 7, the molecule
begins to explore the vicinity of the second equilibrium
conformation, as manifested by the smaller probability
peak. In this régime the Taylor expansion of V(x) about
its lowest minimum, x4, iS:

V=3 (1, (d‘b ) )

i=0

(5)

and is dominated by the parabolic term in the expansion
near the minimum (the linear coefficient is zero at the
minimum). For a pure harmonic (parabolic) potential,
V(x)=Vy+ wox>, the mean square displacement is linear



162

with temperature and is just <x?> = (kgT)/(2w,). Using
(<x*>/T) rorfor the low-temperature slope, we there-
fore require that:

V(<> /Ty ©)
and:

1 /d?
w=3 <@ ()

Appendix A provides a description of how any given
choice of the three physical constants da, dp, and
(<x*>>/T)7- 7 gives a unique potential by fixing the
three coefficients a, b, and c.

We can now proceed to estimate the temperature
dependence of the actual mean square displacement over
the entire temperature régime.

The method

To calculate the mean square displacement at a tem-
perature, T, we use Boltzmann statistics so that:

<X2> :Iz/]() (8)
where:

o0
I = / xkefﬁ(ax4+bx3+cx2+Vo)dx (9)

In order to obtain a rapidly convergent series
approximation for [, we expand the cubic term in the
exponential, bearing in mind that the quartic term will
be dominant. Thus:

I =

ﬂ2b2)€6 ﬁ3b3x9
20 3l

e*ﬁVo / xkefﬁ(ax4+cx2) { 1 _ﬁbx3 + —|—}dx
—0

(10)

Each of the integrals in Eq. (10) can be evaluated
analytically in terms of parabolic cylinder functions (see
Appendix B). Using the procedure described in Appen-
dix B we find that in the high-temperature limit for
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Fig. 5 Temperature dependence of <x>> for the iron atom in

Mbdeoxy crystals. Plotted as (top) log—log and (bottom) log—inverse
square root. Data source: Fig. 7 in Parak and Achterhold (1999)

where in both equations Egs. (11) and (12) we have re-
tained two terms in I, and I, from Egs. (B2) and (B3)
and used the limits in Egs. (B4) and (B5).

We can therefore conclude that spatial fluctuations in
an anharmonic potential should manifest themselves by
a predominantly linear temperature dependence with
small power law corrections, provided the temperature is
low enough. In the high-temperature régime, however,
positional fluctuations are dominated by the product of
an exponential decay with an inverse square root
dependence on temperature and a square root of tem-
perature pre-factor. Corrections to this behavior are
approximately similar to the leading term but without
the pre-factor.

In order to support the results of our calculations, we
have replotted the data sets from Parak and Achterhold
(1999) for the average atomic coordinates and for the
iron atom using two different coordinate representa-
tions. First, plotting the data with a log-log scale we
show a linear dependence of the first half of the curve
<x?> versus T for T< T,. The high-temperature range,
T> T, in both cases follows a modified exponential

which x is small we obtain: dependence and thus we have also plotted
<> ~ 0478 e/ | | ﬁ%ﬁ/z [—2.0286’\@’3"/\/ a1 7.397eF/V Z/ﬂ (11)
V2PBa 2! (2/30)3/2

In the opposite régime, for low temperatures, with
x> >1, we find that:

1 45

<x*> & (12)

ln(<x2>/\/7) versus 1/4/T. It is clear from these two
data sets (see Figs. 4 and 5) (Parak and Achterhold
1999) that the low-temperature data points follow a
linear trend with temperature while the high-tem-
perature data points are best described by a function



proportional to v/T exp(—4/+/T). Furthermore, we have
similarly re-analysed data from the molecular dynamics
simulations of hydrated and dehydrated carboxymyo-
globin (MbCO) published originally by Steinbach and
Brooks (1993, 1996). Again, the same qualitative trend
prevails, showing a cross-over from a linear to a modi-
fied exponential dependence on temperature in myo-
globin’s vibrational fluctuations. Figures 6, 7, 8, 9, 10
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summarise the data of Steinbach and Brooks (1993,
1996) appropriately replotted. The first set of figures
describes the data sets of Parak and Achterhold for
<x?> versus T as an average of all atoms in metmyo-
globin crystals and the iron atoms in Mbdeoxy crystals.
This set is followed by the data for dehydrated and hy-
drated MbCO (Steinbach and Brooks 1996) and finally
the molecular dynamics simulations (Steinbach and
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Brooks 1993) for hydrated MbCO. All these data sets
fully support our model predictions in terms of the trend
in the <x?> versus T dependence.

It is worth emphasising that the above calculation is
quite general and applies to any anharmonic potential,
including situations with two local minima separated by
a potential barrier. The key message of these calcula-
tions is that a cross-over occurs in the temperature
dependence of <x?> from a linear function of 7 to one
which is dominated by an exponential dependence. We
have supported this prediction with a number of data
sets for myoglobin originating from the work of other
authors. What this means physically is that, at temper-
atures below the cross-over temperature of ~200 K,
spatial fluctuations are dominated by oscillations in the
harmonic potential around the ground state. Once the
cross-over temperature is reached, the molecule is al-
lowed to explore higher energy states, including the
vicinity of the second local minimum (see Fig. 2).

The actual shape of this effective potential may be
more complicated than the postulated form of Eq. (1).
However, the qualitative features should remain the
same. Furthermore, the effective potential depends on
the type of myoglobin, the degree of hydration and
solvation of the molecule, as well as whether the average
is taken over all atoms or just the iron atom. As an
illustration, we have selected the data set from Fig. 7 of
Parak and Achterhold (1999) and made a fairly accurate
fit to the thermal fluctuation data using a quartic poly-
nomial function for the effective potential as described
above. We set the low-temperature slope to the value
0.6x107* A%/K that the authors reported in the text and
choose dg=22.4 kJ/mol as reported in Fig. 4c from
Ostermann et al. (2000). We can then plot <x*> versus

T using Eq.(4). We find the choice of
da=4150 K =34.5 kJ/mol results in the curve shown in
Fig. 11.

Note that the heights of the potential barriers are of
the same order of magnitude as typical hydrogen bond
energies. This is consistent with the role of thermal
fluctuations in bond-breaking leading to a conforma-
tional change. The resulting effective potential coeffi-
cients are:

a=+152x10"2 J/A"
b=+433x 1072 J/A’
c=-529 %1072 J/A’

(13)

It can be immediately seen from the diagram that the
quantitative agreement with the data is very good;
the differences in our fit value of <x?> resulting from
the choice of a fixed origin rather than the thermally
variable mean are less than 4% in the curve of Fig. 11.
Notably, the deviations below 200 K are less than 1%.

Finally, we wish to comment about the calculations
presented in a recent paper (Achterhold et al. 2002)
using the vibrational mode energy ¢ and the density of
states D(¢) through the formula:

B [DE) [ 1 1
2O ) 14
mFe/ € <eg/kBT—1+2> ’ (14
0

This leads to good agreement at low temperatures but is
very poor at high temperatures. Above 200 K the above
formula predicts a continuation of the linear trend, but
with small corrections. Clearly, since this is based on a
harmonic approximation, there is no possibility of
obtaining behavior consistent with the experimental
data unless the anharmonicity of the system is accounted
for. We believe that myoglobin is no exception here and
similar conclusions can be expected for all proteins
which undergo significant conformational changes. A
recent paper (Tama et al. 2000) analysed molecular
dynamics simulations of human lysozyme and con-
cluded that the large volume fluctuations observed in
the simulations require the inclusion of anharmonic

<x*(T,e)> =



potential terms and consequently non-Gaussian fluctu-
ations. We could not agree more. Moreover, we foresee
the usefulness of our non-Gaussian approach in the
description of virtually all functional proteins. A case in
point is the motor domain of kinesin that changes con-
formation depending on whether ATP or ADP mole-
cules are bound to it. Since activation of the processivity
of kinesin’s motion is temperature dependent (Howard
2001), this effect is also expected to strongly involve non-
Gaussian fluctuations. Clearly this connection between a
protein’s structural bistability and the statistics of ther-
mal fluctuations offers a key insight into the activation
of biological functions.

Summary

This paper has been concerned with the behavior of the
positional thermal fluctuations of myoglobin over a
large temperature range, from 0 K to 300 K. The data
that we analysed came from both experiments on and
molecular dynamics simulations of myoglobin. The
experiments on the vibrational dynamics of myoglobin
used a variety of techniques, including the phonon-as-
sisted Mdssbauer effect, Mdssbauer absorption spec-
troscopy, and inelastic scattering of synchrotron
radiation. Several variants of myoglobin were investi-
gated and the molecular dynamics simulations of MbCO
involved several levels of hydration. All these data sets,
however, had one thing in common, namely a pro-
nounced signature of anharmonic fluctuations above a
threshold temperature of ~200 K. Until now, modeling
efforts have stopped short of accounting for anharmo-
nicity using non-Gaussian statistics and this therefore
was the objective of our paper. We have provided a
relatively simple effective potential that accounts for the
two local minima corresponding to the two conforma-
tional states of the protein, separated by a potential
barrier. The height of the potential difference determines
the value of the cross-over temperature. The curvature
of the potential around the ground state minimum that
defines the slope is the <x”>> versus T line at low
temperatures. Finally, anharmonicity in the form of a
quartic term produces good qualitative agreement with
all the data sets analysed. We have also found a very
reasonable quantitative fit to one particular case which
was selected (it had the most data points) to provide an
example. We believe the method presented here is suffi-
ciently general to be applicable to the analysis of con-
formational effects in proteins. While molecular
dynamics simulations can provide an accurate tool in the
quantification of the conformational energy landscape,
the non-Gaussian statistical analysis described in this
paper can be used in the prediction of functional tran-
sitions that are triggered by thermal fluctuations.
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Appendix
Appendix A: derivation of potential

In this appendix we show how to fix the three parame-
ters a, b, and ¢ to provide a unique potential. We con-
sider Egs. (1), (6), V(xa) =da (by definition), and choose
xa <xp; it is then possible to obtain by algebraic
manipulation:

c? —w?
T 12da (A1)
~2(c=w)(2c + w)?
b= \/ 7dn (A2)

Further algebra and the change of variable c¢=fw
produces:

g (f+2)

drn o (f=1(f+1)°

We are interested in the case that 0>r>1, reR. It can
be shown that while in general there are four roots for f,
only one:

(A3)

1 1 22/3,1/3
I==G) o
1 22/3,1/3 —8 4 1o
L S S = (A4)
2 (l"— 1)2/3 4. 1 + 22/3,1/3

(r—1)*?

corresponds to the case we are interested in and lies in
the range [0, —1/2].

Appendix B: derivation of <x?>
Each of the integrals in Eq. (10) can be evaluated using

the formula (Tuszynski et al. 1985, 1986; Tuszynski and
Wierzbicki 1991):

o0

1 _py2m_Am
/y2mp 1e By*"—Fy dy
0

= 2m)"'2F) P T(p)D_, (B(zF)*l/z)eBz/zF (B1)
where D_, is a parabolic cylinder function and T'(p) a
standard Gamma function (Abramowitz and Stegun
1972). Applying this method we obtain:
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o0
I = o Floehe /26

| 346
r( + q)D oy PO

g\ 2 )R Qo
(B2)
and:
T N | 1464 Be (Pb)™
Iy=¢ Plehe /2Ba H(jqr( )Dl+6q—
;(Zﬁa)T 2 > /2pa (2q)!
(B3)

The parabolic cylinder function has two well-known
asymptotic limits, namely for x = 0:

2~ 4
D_y_1p(%x) ~ etV f( 9 (B4)
2
and for x> >1:
D, 12( ) x4~ 12 7x-/4 (BS)
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